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1. INTRODUCTION
Graded algebras are actively applied and studied in various branches of
w xmathematics and theoretical physics 3, 7, 5, 9 . Identities of graded
algebras are under active investigation as well.
w xIt has been shown in 4 that if we have a non-trivial identity satisfied in
a unity component A of an associative algebra A, graded by the elements1
of a finite group G, over an arbitrary field, then a non-trivial identity is
w xsatisfied also in A s [ A . In the paper 2 this result has beengg g G
extended in the sense that the sum A s  A does not need to beg g G g
direct and the degree of an identity in A depends only on the order of the
group G and the degree of the identity in A .1
w xIn the present paper we make use of the fact that in 2 , in distinction
w xwith 4 , the proof is not using any structure theory but is purely of a
w xcombinatorial nature. Thus it seems natural to extend the main idea of 2
into the case of Lie algebras and then even to a much wider class of
algebras including as subclasses all associative algebras, Lie algebras, and
color Lie superalgebras. Unfortunately, in our case the conclusion of the
main Theorem 3 does not contain an evaluation of the degree of an
identity satisfied by A in terms of the identity satisfied by A and the order1
of the group G. The most ``classic'' is the form of our first theorem about
Lie algebras:
THEOREM 1. Let L s  L be a Lie algebra o¨er an arbitrary field F,g g G g
G a finite group. If the component L is a Lie algebra with a non-tri¨ ial1
identity, then so is L.
1
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A question about the validity of such a theorem even in the case of
< <G s 2 was asked by A. E. Zalesskii in an oral conversation with the first
author in the beginning of the 1980s. This result can be applied to Lie
algebras with an action of a finite automorphism group G. The most
correct formulation is in the case of Lie algebras with actions of finite-
.dimensional Hoft algebras. We have here a result on such algebras as
well.
THEOREM 2. Let L be a Lie algebra o¨er a field F, G a finite sol¨ able
< <subgroup in the automorphism group Aut G, and char F does not di¨ ide G .
If the in¨ariant subalgebra LG is a PI-algebra then L is also a PI-algebra.
In the case of associative algebras this result belongs to V. K. Kharchenko
w x w x  .6 and S. Montgomery 8 no need to assume G solvable .
2. NOTATION AND MAIN THEOREM
We introduce the notation and the notions we will need. Let G be a
semigroup with 1. An algebra A over a field F is called G-graded if A is
the sum of the subspaces A , g g G, and A A ; A . There is no needg g h g h
to assume that the sum is direct although the reduction to the case of
.direct sums is very easy . The elements in A are called homogeneous ofg
degree g. We say that the G-grading is finite, if there is a finite subset of H
 4 in G such that A s 0 for all g f H. Without loss of generality one mayg
.assume 1 g H. In other words
< <A s A , H s s - `. g
ggH
Further we say that A s  A is a Lie type algebra if for any g, h, k g Gg
there exist constants a , b g F, such that
a bc s a ab c q b ac b 1 .  .  .  .
for all a g A , b g A , c g A , where a / 0. If a s 1, b s 0 for allg h k
g, h, k g G, then A is a usual associative algebra with a G-grading and if
a s 1, b s y1, then A is a Lie algebra over F. The relations of the type
 .1 are satisfied also by Lie superalgebras with a Z -grading as well as2
more general color Lie superalgebras. So-called quantum Lie algebras see
w x.7 also fit into the pattern of these relations. Now the main result of our
paper can be formulated as follows.
THEOREM 3. Let
L s L g
ggG
IDENTITIES OF GRADED ALGEBRAS 3
be a Lie type algebra o¨er an arbitrary field F with a finite G-grading where G
is a semigroup with unity and cancellation. Suppose in the unity homogeneous
component L we ha¨e a non-tri¨ ial identity of the form1
x x ??? x ' a x x ??? x , 2 .0 1 dy1 s 0 s 1. s dy1.
 .sgSym dy1 , s/e
in which x x ??? x and all x x ??? x are left-normed monomials0 1 dy1 0 s 1. s dy1.
 .and a g F. Then also in L a non-tri¨ ial identity of the same form 2 iss
satisfied.
w xFrom this theorem we easily derive the result of 4 about the associative
algebras graded by a finite group. But more important here are the
applications to Lie algebras and their generalizations.
We recall that if Q is an abelian group then the function e : Q = Q ª F*
is called bilinear and alternating if
e x q y , z s e x , z e y , z , e x , x s 1. .  .  .  .
An algebra with a Q-grading
L s L[ q
qgQ
is called a color Lie superalgebra if for all homogeneous elements x g L ,p
y g L , z g L the following equations hold:1 t
xy s ye p , q yx , .
x yz s xy z q e p , q y xz . .  .  .  .
A more detailed information about color Lie superalgebras can be found
w xin 3 . If we denote by 0 the neutral element of Q, then L is a usual Lie0
algebra. Let G be a semigroup. Then by a G-grading of L we understand a
decomposition
L s L g . ,
ggG
in which L g .Lh. ; L g h., and all the subspaces L g . are homogeneous
under the Q-grading, that is,
L g . s L g . l L . .[ q
qgQ
In particular, G may be Q, and L g . s L . The following two results areg
immediate from Theorem 3; it suffices to pass to the grading by the direct
product Q = G.
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THEOREM 4. Let L s [ L be a color Lie superalgebra o¨er a field Fqq g Q
with a finite grading by a semigroup G with unity and cancellation and such
that Q is a finite group and the Lie algebra L1. satisfies a non-tri¨ ial Lie0
identity. Then also L satisfies a non-tri¨ ial non-graded identity.
A standard example of color Lie superalgebras is an ordinary Lie
 .  .  .superalgebra where Q s Z , e 0, 0 s e 0, 1 s 1, e 1, 1 s y1. In this2
case our theorem takes the following form.
THEOREM 5. We consider a Lie superalgebra
L s L [ L s L g . [ L g . , .0 1 0 1
ggG
with a finite grading by a semigroup G with unity and with cancellation. If L1.0
satisfies a non-tri¨ ial Lie algebra identity then also L is a Lie superalgebra with
a non-tri¨ ial identity.
 .Remark 1. The explicit form of the relation 2 signifies that the
non-graded identity f ' 0, which should be satisfied in L according to
Theorems 4 and 5, is nontrivial in the sense that the non-associative
polynomial f is not an identical zero even in the free Lie algebra.
Remark 2. Under the restrictions of Theorems 4 and 5 the grading
 g .  g .   g . .L s  L satisfying L s [ L l L can be replaced by theqq g Q
condition
 .gL s L .q q
qgG
for all q g Q.
Remark 3. If in the formulation of Theorem 4 we take Q as the
grading semigroup then we arrive at a corollary as follows. Let Q be a
finite abelian group and
L s L[ q
qgQ
be a color Lie superalgebra over a field F. If L satisfies a non-trivial Lie0
identity then L has a non-trivial non-graded identity.
We remark that if Q s Z and L s L [ L is a Lie superalgebra, then2 0 1
L satisfies the identity
J x x q x x , y y q y y , z z q z z ' 0, .1 2 2 1 1 2 2 1 1 2 2 1
 .  .  .  .where J x, y, z s xy z q yz x q zx y, even if L is a free Lie algebra.0
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For an arbitrary finite group Q with the form e the question about the
existence of a non-trivial identity in a free color Lie superalgebra remains
open.
 .Finally, the simplest example of a non-associative algebra satisfying 2 is
a Lie algebra. Thus Theorem 1 is an immediate consequence of Theorem
3. We will show in what follows that Theorem 2 also easily follows from
Theorem 3.
3. MAIN TECHNIQUES
For the proof of Theorem 3 we will need some constructions.
For each g in G we consider a countable set
Z s z  g . , . . . , z  g . , . . . 4g 1 m
and denote by Z the union of all Z , g g G. Then the free non-associativeg
 :algebra F Z over F, generated by the set Z, is naturally endowed by a
G-grading. Let us fix a finite subset H in G and set
x s z  g . , i s 1, 2, . . . .i i
ggH
 :  4  :The subalgebra F X generated by X s x , x , . . . in F Z is not1 2
G-graded but it is also a free non-associative F-algebra.
We denote by V the linear span of all products of the formn
w x  :x ??? x in F X with all possible arrangement of brackets, wheres 1. s n.
 .s runs through the whole of the symmetric group Sym n . Similarly, for
 . gany selection g s g , . . . , g in which all g g H, i s 1, . . . , n, by V we1 n i n
 :shall denote the subspace in F Z , spanned by all product
 g .  g .s 1. s n.z ??? z .s 1. s n.
Finally, set
V G s V g .[n n
nggH
 .  :By T L we will denote the ideal of identities of an algebra L in F X ,
G .  :and by T L the ideal of graded identities of L in F Z . We consider
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two sequences of numbers
Vn
c L s dim , .n V l T L .n
V GnGc L s dim , .n G GV l T L .n
characterizing numerically the sets of non-graded and graded identities
of L.
 . G .LEMMA 1. c L F c L .n n
 4 h1. h s.Proof. Let H s h , . . . , h and x s z q ??? qz , i s 1, 2 . . . . We1 s i i i
 :  : Gobtain an embedding F X ; F Z . Clearly, V ; V . Notice thatn n
 . G .T L ; T L . To see this we consider an arbitrary graded homomor-
 :  .phism f : F Z ª L s  L . The image of the element f x , . . . , xhg H h 1 n
 .in T L is equal to
f f z h1. q ??? qz h s. , . . . , f z h1. q ??? qz h s. .  . .1 1 n n
s f f z h1. q ??? qf z h s. , . . . , f z h1. q ??? qf z h s. s 0. .  .  .  . .1 1 n n
The last equation is true since this is the image under a homomorphism of
 :  h1..  h s..F X in L mapping x into f z q ??? qf z . Moreover, we havei i i
 . G .  h j.. G .V l T L s V l T L . Indeed, if f z g V g T L , then this ele-n n i n
Ä h1. h s. h1. h s. .ment has the form f z q ??? qz , . . . , z q ??? qz , where1 1 n n
Ä h j. .f x , . . . , x g V and it vanishes under all substitutions of z by1 n n i
homogeneous elements from L s  L . Ifh h
s
h .ja s a , i s 1, . . . , n ,i i
js1
Ä h j. .  .is an arbitrary element in L, then f a , . . . , a s f a s 0, that is,1 n i
Ä Ä  .f s f , where f g T L .
Furthermore,
c L s dim V rV l T L , cG L s dim V GrV G l T G L . .  .  .  . .  .n n n n n n
Let us write
V rV l T L s V rV l T G L s V rV G l V l T G L .  .  .n n n n n n n
( V q V G l T G L rV G l T G L ; V GrV G l T G L . .  .  .n n n n n
G .  .Hence, c L F c L , and the proof of the lemma is complete.n n
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To compute the products of elements in a graded algebra we will need
the following.
LEMMA 2. Let G be a multiplicati¨ e semigroup with unity 1 and cancella-
tion. Assume that H is a finite subset consisting of s elements. Let, further,
u s abc ??? d be an arbitrary word of length N s ms in the alphabet G, such
that a g H, ab g H, abc g H, . . . , abc ??? d g H. There are at least m y 1
subsequent subwords of u whose ¨alue is 1.
Proof. The total number of initial subwords equal to ms, and each
value is equal to one of the s elements of the subset H. Let g be that
value in H which is taken at least m times. If g s 1 then we are done. If 1
is not taken at least m times then some value g is taken at least m q 1
times. This means that we have u s gg g ??? g g 9 and gg s g, gg g s1 2 m 1 1 2
g, . . . , gg ??? g s g.It follows from the restrictions imposed on G that1 m
g s g s ??? s g s 1. The proof of Lemma 2 is thus complete.1 2 m
4. MAIN LEMMA
 .The sequence a , . . . , a composed of pairwise distinct integers is1 n
called m-decomposable if there exist indices 1 F i - i - ??? - i F n1 2 m
such that a ) a for all j s i q 1, . . . , i where k s 1, . . . , m y 1.i j k kq1k
From m-decomposability it follows that a ) a ) ??? ) a . If thei i i1 2 m
 .sequence a , . . . , a has no m-decompositions, then we call it m-1 n
decomposable.
LEMMA 3. Let L s  L be a Lie algebra with a finite G-grading and sg
the number of non-zero components L . We consider all homogeneous in theg
G-grading elements y , y , . . . , y and denote by P the linear span of all0 1 n
 .products of the form y y ??? y with all possible arrangements of brackets0 i i1 n
 .  .in the right factor y ??? y , such that i , . . . , i is a permutation ofi i 1 n1 n
1, . . . , n. Suppose that the unity component L satisfies a multilinear identity1
 .of the form 2 . Then any element in P is a linear combination of left-normed
 4  4products of the form y y ??? y for which j , . . . , j s 1, . . . , n and the0 j j 1 n1 n
 .sequence j , . . . , j is m-indecomposable for any m G sd.1 n
 .Proof. It follows from 1 that P is a linear span of left-normed
products of elements x , x , . . . , x , starting with x . Everywhere in the0 1 n 0
sequel we will omit brackets in the expression of left-normed products of
the elements of algebra L.
 .Remark that we easily derive from 2 the existence of a graded identity
of the form
z z ??? z ' b z z ??? z , 3 .0 1 d s 0 s 1. s d.
 .sgSym d , s/e
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in which z s z 1., b g F, and z is an arbitrary element. Just multiply zi i s 0 0
 .by the left and the right sides of 2 , in which the x are replaced by z ,i iq1
 .and reduce all products to the left-normed expressions using 1 . In doing
so the product z z ??? z appears only once with coefficient a dy1 / 0,0 1 d
 .while the other summands form the right hand side in 3 .
Now we introduce on the integer tuples a lexicographic ordering by
comparing them from the left to the right. Let u s y y ??? y be a0 j j1 n
 .left-normed product. If j s 1, j s 2, . . . , j s n, then j , . . . , j is m-1 2 n i n
indecomposable. Arguing by induction we may assume that all products
 .  .y y ??? y with k , . . . , k strictly less than j , . . . , j are linear combi-0 k k 1 n 1 n1 n
nations of left-normed products y y ??? y with m-indecomposable0 i i1 n
 .tuples i , . . . , i .1 n
 .We assume that the tuple j , . . . , j is m-decomposable and the indices1 n
t , . . . , t determine an m-decomposition, that is,1 m
j ) j , . . . , j ; . . . ; j ) j , . . . , jt t q1 t t t q1 t1 1 2 my1 my1 m
and let us show that u can also be expressed through m-indecomposable
left-normed products. We denote by ¨ , i s 1, . . . , m, a left-normed prod-i
uct of elements y , with k running through values from j to j y 1, andk t ti iq1
by ¨ the product of the first y with k - j . We denote by B the operator0 k t1
of subsequent multiplication by the remaining elements y where k sk
j q 1, . . . , j , if j - j . Then the elementt n t nm m
u9 s ¨ ¨ ??? ¨ B0 1 m
 .with the use of 1 can be written as a linear combination of u with a
 .non-zero coefficient and the products y y ??? y , with q , . . . , q -0 q q 1 n1 n
 .j , . . . , j . Since all y were assumed homogeneous, we have ¨ g L ,1 n i 0 g 0
¨ g L , . . . , ¨ g L for some g , g , . . . , g g G. Owing to the choice1 g m g 0 1 m1 m
of m by Lemma 2 there exist 0 F l - l - ??? - l F m such that0 1 d
g ??? g s 1 are in G for all i s 1, . . . , d. We introduce notation for1q l liy1 i
new left-normed products:
w s ¨ ??? ¨ , w s ¨ ??? ¨ , i s 1, . . . , d.0 0 l i 1ql l0 iy1 i
Then w , . . . , w g L and the element0 d 1
u0 s w w ??? w C ,0 1 d
in which C stands for the operator of right multiplications by ¨ , . . . , ¨ ,l q1 md
if l - m, and then the action of the operator B differs from u by ad
scalar factor modulo a linear combination of some y y ??? y with0 q q1 n
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 .  .  .q , . . . , q - j , . . . , j . Applying 3 we arrive at1 n 1 n
u0 s b w w ??? w C. 4 . s 0 s 1. s d.
 .sgSym d , s/e
 .Now let us express w w ??? w C on the right side of 4 through0 s 1. s d.
left-normed monomials y y ??? y , by expanding brackets with the help0 q q1 n
 .  .of 1 first on w , and then on ¨ . Since s / e in Sym d , we are going toi i
 .  .obtain only the summands with q , . . . , q - j , . . . , j . This gives that1 n 1 n
u0 and then also u9 and u are of the form required, and the proof of
Lemma 3 is complete.
5. PROOF OF THE MAIN THEOREM
We start with a lemma about codimensions.
 .LEMMA 4. If the subalgebra L satisfies an identity of the form 2 , then1
for any b for sufficiently large n the following inequality is satisfied:
n!
Gc L - . .n nb
 .Proof. Let g s g , . . . , g be a tuple in which g , . . . , g g H. Then1 n 1 n
¨ G s [ V g andnn ng g H
V GrV G l T G L s V grV g l T G L . 5 .  .  .n n n n
nggH
 . nThe number of summands on the right side of 5 is equal to s . For the
proof of the lemma it is sufficient to show that the dimension of each is
 .nless than n!r bs . For convenience we replace n by n q 1. We fix a tuple
 .  g i. G . Gg s g , g , . . . , g and set z s z . Modulo T L the space V s0 1 n i i nq1
 .V z , z , . . . , z is equal to the sum Q q Q q ??? qQ , in which Q isnq1 0 1 n 0 1 n i
a linear span of the left-normed products z , z , . . . , z , starting with z . It0 1 n i
is sufficient to show that the dimension of each summand is asymptotically
 .nless than n!r 2bs . We consider, for example, Q s Q , that is, the linear0
span of left-normed products z z ??? z . By Lemma 3 the tuple0 s 1. s n.
  .  ..s 1 , . . . , s n can be assumed m-indecomposable, where m s sd.
 .We denote by a n the number of m-indecomposable tuples composedm
of the numbers 1, 2, . . . , n. Then
n
a n .m
lim s 0 6 .(
n!nª`
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 w x.  .see, e.g., 10, Chap., Sect. 2.1 . From 6 it follows that for all sufficiently
large n the following inequality is satisfied,
n
a n 1 .m
- ,(
n! 2bs
from which it follows that for n G 2bs we have
n! n q 1 ! .
dim Q F a n - - , . nm nq12bs . 2bs .
and the proof of Lemma 4 is complete.
Proof of Theorem 3. From Lemmas 1 and 4 it follows that the left-
 .normed products x x ??? x , s g Sym n are linearly dependent0 s 1. s n.
 .modulo the ideal T L of identities of algebra L in the free non-
 :associative algebra F X . This means that also L satisfies a non-trivial
 .identity of the same type as 2 , and the proof of Theorem 3 is complete.
Theorems 1, 4, and 5 are now immediate corollaries of Theorem 3. Let
us show how the last unproved theorem can be derived.
6. AUTOMORPHISMS
This short section is devoted to the derivation of Theorem 2.
Proof of Theorem 2. Recall that
GL s x g L g x s x for any g g G . 4 .
Assume for the beginning that G is a cyclic group of prime order p and g
the generator. Then g p is an identity mapping of L and p / char F. Any
identity of Lie algebras has a non-trivial multilinear consequence, see, e.g.,
w x1, Theorem 4.2.1 . Any multilinear Lie polynomial f in x , x , . . . , x can0 1 n
be written in the form
f s a x x ??? x . s 0 s 1. s n.
 .sgSym n
G  .In other words, L satisfies an identity of the form 2 .
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We consider first the case where F is an algebraic closed field. Since
p / char F, the polynomial x p y 1 has in F p pairwise different roots
1, l,l2, . . . , l py1, and the automorphism g is diagonalizable on L, that is,
L s L q L q ??? qL , 7 .0 1 py1
  . j 4where L s a g L N g a s l a . It is easy to see that for all a g L ,j i
 . iq j  .b g L , g ab s l ab, that is, the decomposition 7 determines on L aj
grading by a cyclic group of prime order p, with L s LG. Hence, in the0
< <case G s p for an algebraically closed field F our theorem follows from
Theorem 4.
If F is not closed, then it is sufficient to pass to the algebra L s L m FF
Gover the algebraic closure F of F. The multilinear identity of algebra L
Gholds valid for L , and in this latter we then have a non-trivial multilinear
identity f ' 0 with coefficients in F. Decomposing the coefficients of f
through an arbitrary basis F over F gives us a non-trivial identity of the
F-algebra L and its subalgebra L.
Let now G be any finite solvable group of automorphisms of L, and its
order n is not divisible by char F. We may assume that n is not a prime
number. This means that in G there is a non-trivial normal subgroup H.
We consider the subalgebra LH of its fixed points. Since H 1 G, we have
 H . H  H .g L ; L for any g g G. Accordingly, Aut L has a finite solvable
< <subgroup GrH, whose order is strictly less than G and not divisible by
char F. Arguing by induction we may assume that LH is a Lie algebra with
non-trivial identity. It remains to apply induction once again to L and the
 .subgroup H of Aut L , and then the proof of Theorem 2 is complete.
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